A microscopically based Hamiltonian of the generalized t-tЈ-J model is presented. Two types of the additional tЈ terms are discussed. The numerical range of the amplitudes corresponding to the additional tЈ terms for the real CuO 2 planes is derived from the three-band model calculations. Using the variational spin-polaron approach the single-carrier dispersions in the generalized t-tЈ-J model are calculated both for the hole-and electron-doped systems. The hole and electron band minima are found to be at points (Ϯ/2,Ϯ/2), (0,Ϯ), and (Ϯ,0), respectively. The band minima shifts ͉⌬ (0,)Ϫ(/2,/2) ͉ are not small (ϳJ). The bandwidths for both cases of doping are found to be 1.5-4.0 times larger than those in the t-J model.
I. INTRODUCTION
There is a general agreement that the three-band Hubbard model is an appropriate basis for consideration of the spin and charge excitations in the CuO 2 planes of hightemperature superconductors. [1] [2] [3] One of the interesting problems for these systems is the hole energy spectrum. One-hole energy calculation in the framework of the above-mentioned model has been done by Barabanov et al. 4, 5 who used the variational approach. This method seems to be too complicated since the characteristic energy scale of the three-band model is a few electron volts while that of the hole energy spectrum is several tenths of an electron volt. Therefore, it is natural to obtain first the low-energy limit of the three-band model [6] [7] [8] [9] [10] [11] [12] and then to investigate the spin and charge degrees of freedom in the framework of this effective model. [13] [14] [15] [16] [17] It is widely accepted by now that the simple model which contains in itself the interacting spin and charge degrees of freedom is the so-called t-J model where ͗ij͘ denotes the nearest-neighbor sites, S i is the local spin operator, c i,␣ † (c i,␣ ) is the constrained fermion creation ͑annihilation͒ operator. The explicit form of this constraint depends on the type of doping.
The considerable attention that this model has received originates partly from the fact that it can be derived from the above-mentioned three-band or more general d-p models which take into account the detailed electronic structure of the copper oxides. Recently it has been shown 18 that this derivation can be done quantitatively for the real CuO 2 planes by the use of an additional calculation of some experimentally observable values.
The behavior of a single quasiparticle in the t-J model has been studied intensively using both analytical and numerical techniques. 14, 15, 19, 20 These investigations have clearly shown that the naive tight-binding picture is completely inadequate for the carrier motion on the antiferromagnetic background. Namely, for the realistic t/JӍ2Ϫ3 the bandwidth is of the order of 2J, not W 0 ϭ8t. This strong ͑of the order of 10 times͒ bandwidth suppression results from the distortion of the spin background by the carrier hopping from one sublattice to the other. In this situation, when the characteristic energy scale becomes J, even small ͑compared to t͒ singlesublattice hopping tЈ can be the key parameter for the subtle details of the energy spectrum and other features of the doped systems. This is clear since the single-sublattice motion does not disturb the spin background. Hence, a careful analysis of the low-energy single band limit of the realistic d-p models should be done keeping all essential terms over the tЈ/J ͑not tЈ/t) parameter.
The simplest form of the additional tЈ terms can be written as
emphasizing that the nonzero O-O hopping provides large enough transfer amplitude to the next-nearest (͗ij͘ 2 ) neighbor. 20, 21 This term ͑2͒ alone has been found to be responsible for the CuO 2 plane electron-hole asymmetry and to be useful for the interpretation of the recent angle-resolved photoemission experiments. 22 The goal of the present paper is to exhibit the general form of the additional tЈ terms which one can get from the three-band Hubbard or the other first-principle models, to determine numerical ranges of all essential parameters for the real CuO 2 planes, and to calculate a single-particle dispersion using the spin-polaron ideas. Namely, we will demonstrate that two types of the additional tЈ terms naturally originate in the single-band model: ͑i͒ the terms arising from the O-O hopping, and ͑ii͒ the second-order high-energy channels terms. [23] [24] [25] The importance of both of them will be clearly shown. The first ones are the key parameters for the band minima shifts, while the second ones lead to the growing of the bandwidth. A quite similar model was investigated in the mean-field approximation for a special range of parameters in the work by Onufrieva et al. 26 This approximation neglects some essential features of the hole ͑electron͒-spin interaction and thus has only a qualitative character.
Single-hole energy calculation in the limiting case of the three-band model using the self-consistent Born approxima-tion has been done in the work by Starykh et al. 27 In spite of neglecting some features of the problem, the results of this approach are in a qualitative agreement with the present paper.
The quantitative reduction of the three-band model developed in Ref. 18 for the real CuO 2 system provides the method of the derivation of a set of the realistic ranges for all additional tЈ terms. We will show that the band minima shifts as well as the bandwidths are not small for these ranges of parameters. Also, the density of states ͑DOS͒ characteristic features will be discussed.
The paper is organized as follows. In Sec. II we give the general form of the corrections to the Hamiltonian ͑1͒, discuss them, and show the possible parameters ranges. In Sec. III we discuss our results for the spin-polaron dispersions and for the DOS features. Finally, in Sec. IV, we draw conclusions.
II. REALISTIC LOW-ENERGY MODEL
The most accurate form of the effective tЈ terms that follows from the three-band Hubbard model is: 18, 28 
where ͗ij͘ 2(3) denotes the second ͑third͒ next-nearestneighbor sites, ͗ilj͘ denotes the three nearest-neighbor sites (͗il͘, ͗jl͘), N l is the number of fermions operator, S l ϭ 1 2 c l,␣ † ␣␤ c l,␤ is the local spin operator, is the Pauli matrix, ␣ ϭϪ␣. The differences in the explicit form of the c i,␣ † (c i,␣ ) operators for the hole-and electron-doped systems as well as the signs of tЈ,tЉ,t N ,t S will be discussed later. Now we will consider the origin of the tЈ,tЉ and t N ,t S terms. Let us begin from the last ones. The second-order perturbation treatment of the usual Hubbard model near half filling provides the effective superexchange interaction ͓Eq. ͑1͔͒ and the so-called ''three-site spin-dependent hopping.'' 24, [29] [30] [31] Their importance for both the spectrum of the charge excitation and the hole-hole interaction was noted. 29 These terms in Eq. ͑3͒, manifestly, have the rotationally invariant form. In the case of the usual Hubbard model mapping to the t-tЈ-J model, the expressions for the t N ,t S terms have the simplest form:
It should be noted that this expression ͑4͒ is valid for both types of doping, and that the signs of t N and t S are the same for the electron and hole due to the second-order nature of these terms. What would one expect from the three-or moreband Hubbard model mapping?
Much more high-energy channels ͑triplet, etc.͒ are opened for the virtual second-order transitions in comparison with the usual Hubbard singlet only case. 28 This leads to two effects: ͑i͒ t N Ϫ(1/2)t S , and ͑ii͒ t h N,S t e N,S , where e and h denote the electron and hole hopping integrals, respectively. The exact expressions for (t N ) e,h and (t S ) e,h were derived in Refs. 12 and 28. In spite of the contribution of the highest states, the lowest singlet is the most important. The main features of these terms in the effective Hamiltonian ͑3͒ remain unchanged, i.e., ͑i͒ sign(t N )ϭϪsign(t S )ϭϩ1 both for the electron and hole, and ͑ii͒ ͉t N ͉ϳ͉t S ͉ӍJ/4, so that they are not negligible.
In addition, one can point out that at the mean-field level, N and S operators should be replaced with their averages ͗N ͘ and ͗S͘, which effectively leads to
with tЈϵ2tЉϭ2(͗N ͘t N ϩ͗S͘t S ), where the additional factor 2 for the diagonal hopping integral tЈ as compared to the ''oversite'' tЉ arises from the two possible ways for the virtual processes on the square lattice. Thus, the second-order terms in the Hamiltonian ͑3͒ can be approximately considered as the renormalizations of the ''bare'' tЈ,tЉ amplitudes ͑5͒. As was noted, these renormalizations do not change the signs under changing of the doping type. Now, return to the first two terms of the Hamiltonian ͑3͒. They are the first-order terms arising in the first-principles models for the CuO 2 plane from the nonzero O-O hopping. While inclusion of the tЈ term is evident, 15, 20, 21 inclusion of the tЉ term requires an additional explanation. Physically, only the tЈ term can arise for the next-nearest neighbor CuO 4 -CuO 4 local states due to the t pp matrix element. 7, 32 However, as was shown 6, 8, 28, 33 the correct state of the oxygen low-energy degrees of freedom are the orthogonalized Wannier states. Consequently, some ''unphysical'' transition amplitudes to the more distant neighbors arise. These amplitudes fall rapidly with distance, and only the tЈ,tЉ terms should be kept in the low-energy model. 28 As was recently proposed in many works, the absolute sign of the tЈ terms for the electron-and hole-doped CuO 2 systems could be the source of the strong electron-hole asymmetry in the magnetic phase diagram. 16, 34 The electronhole asymmetry arises naturally in the three-band model. 7, 12, 18, 28 Not only the signs of the hopping integrals, but also the orders of the elementary processes, that lead to the effective hopping, differ for the electron and hole. Consideration of a simple limiting case as well as discussion of the electron-hole asymmetry and the dependence of the effective hopping integrals on the initial parameters are presented in Appendix A. Numerical results for the ranges of the effective parameters, based on the exact formulas of Ref. 28 and the approach developed in Ref. 18 , are shown in Table I . Further, we will consider these ͑Table I͒ tЈ,tЉ,t N ,t S values and t h ϭ2.5J, t e ϭϪ3.0J 12, 18 as the realistic ones.
III. SINGLE-CARRIER ENERGY SPECTRUM
Before doing the energy spectrum calculation let us discuss the sense of the constrained Fermi operators c † (c ) introduced in Eq. ͑1͒. Both the hole and electron single-band low-energy Hamiltonians derived from the three-band Hubbard model are naturally expressed in terms of the Hubbard operators at the site i X i ab ϵ͉ai͗͘bi͉, ͑6͒
here the states a,b are either spin or singlet ͑vacancy͒ local states. Since the undoped state of the CuO 2 plane is set up by the localized holes in the Cu d 10 and O p 6 orbitals, the additional low-energy hole forms a singlet with the local one, whereas the electron in this background is a vacancy. Therefore, it is convenient to rewrite t,tЈ parts of Eqs. ͑1͒, ͑3͒ as
where ͉␣͘ϭ͉↑͘,͉↓͘ is a local spin state, ͉s͘ and ͉0͘ are singlet and vacancy states, respectively, ͗ij͘ n denotes all essential neighbor sites. Note, that the signs of the next-nearest hopping parameters shown in Table I are related to these particular ͓Eq. ͑7͔͒ order of the Hubbard operators. The signs of the nearest-neighbor hopping are t ͗ij͘ h Ͼ0, t ͗ij͘ e Ͻ0. The latter is not essential, since for the antiferromagnetic background the shift of the quasimomentum space by the vector of the reciprocal lattice Qϭ(,) changes the sign(t ͗ij͘ ) but physically changes nothing. 15 We wish to stress that when the kinetic-energy part is of the single-band type ͓as in Eq. ͑7͔͒, mapping of the Hubbard operators onto the constrained Fermi operator basis is twofold.
If one prefers to retain the singlet ideology for the holedoped system, the first term of the Hamiltonian ͑7͒ can be rewritten identically as
and the background is created by the h i,␣ hole at every site.
is the projection operator which project out the vacancy states ͑''double electron occupancy''͒. This representation for the electron over the hole background is
where the operators (1Ϫn i,␣ ) project out the double hole occupancy. An alternative way is to consider the physical hole as a ''hole'' ͑vacancy͒ in the upper Hubbard band, 35, 36 and the physical electron as the ''particle'' ͑singlet͒ in the lower one. This freedom in choosing is not connected with the initial orbital structure of the CuO 2 plane, but follows from the algebra of the Hubbard operators in Eq. ͑7͒. Hence, Eq. ͑9͒ for an extra electron on the electron background can be written as 
͑10͒
At first glance, it would seem that the choice of the particle ͓Eq. ͑10͔͒ or ''vacancy'' ͓Eq. ͑9͔͒ language leads to the change of the sign of the quasiparticle energy. This is not true, since the vacancy energy has the sign of t ij reversed compared to the particle energy. 15, 31 Therefore, Eqs. ͑9͒ and ͑10͒ lead to the same energy.
Thus, the explicit form of the constrained operators in Eqs. ͑1͒ and ͑3͒ is c i,
h (e i,␣ n i,␣ e ) for the physical hole ͑electron͒ system. Hereafter, we will work with the Hamiltonian Eqs. ͑1͒ and ͑3͒, constraint from Eqs. ͑8͒ and ͑10͒, and parameters from Table I .
Properties of the single-particle in an antiferromagnetic background were studied in detail by many authors 4, 5, 14, 19, 20, [37] [38] [39] using different approaches. Their results coincide at the point that the carriers are strongly dressed by the spin waves, i.e., quasiparticles are the magnetic polarons of a small radius with a strongly anisotropic dispersion law and small enough quasiparticle residue. We base our calculations on the results of Ref. 14. The suggested trial function of an extra particle has the simple form
valid also for k,↓ † after changing ↑⇔↓ and S ϩ ⇔S Ϫ . n↑ (↓) means the site n of the spin-up ͑-down͒ sublattice, ␦ is the unit vector to the nearest-neighbor site. The explicit expressions for k and k,␦ are given in Appendix B. From the string picture point of view this simplest ansatz ͑11͒ consists of the ''bare'' particle and four shortest ''strings'' of the lattice constant length. It was shown 14, [40] [41] [42] that the one-hole dispersion as well as two-hole contact and long-range interactions, and even many-hole properties of the t-J model are quantitatively well described using the above ansatz.
Consideration of the generalized tЈ terms ͓Eq. ͑3͔͒ does not require any changes in the trial function ͑11͒. Roughly, this is due to the following reasons: ͑i͒ the tЈ terms lead to the motion of the particle over one sublattice without distortion of the spin background, that enables bare particle to propagate freely; ͑ii͒ the motion of the ''dressed'' particle ͑with a string͒ mainly leads to longer strings, whose contribution to the energy is of the order of t eff Ј /t and parametrically small at tӍ3J. Hence, the expansion of the ansatz makes a small decrease in the energy, since the part of the ansatz ͑11͒, which would be mainly affected by the tЈ Hamiltonian ͑3͒, is the bare one. The last statement will be demonstrated below.
As was noted, the tЈ-induced transitions occur in one sublattice, therefore a good preliminary consideration of the role of each term in Hamiltonian ͑3͒ can be done for the Ising background. It allows us to find easily the leading contribution to the band minima shifts, bandwidths, and effective masses. The N and S operators in ͑3͒ should be replaced with ͗N ͘ϭ1, ͗S͘ϭ͗S z ͘ϭϮ1/2. The eigenenergy of the magnetic polaron ͑11͒ is
where we omitted all high-order (t eff Ј /t) terms. E 0 is the depth of the band, ␤ 1 ,␤ 2 are the inverse masses in the directions ortogonal and parallel to the magnetic Brillouinzone boundary, respectively. Since for the Ising case a particle of the pure t-J model is dispersionless, 43 and are constants and at the realistic tӍ(2Ϫ3)J ͉͉ 2 Ӎ1/2, ͉͉ 2 Ӎ1/8. Expression ͑12͒ for the energy coincides almost exactly with that obtained for the free spinless fermions. 26 The main difference is the presence of the weight of the bare particle ͉͉ 2 in Eq. ͑12͒. In the realistic region of t,tЈ,tЉ etc., E 0 is very close to its t-J z model value E 0 ӍϪ2t.
Two notes should be made. Firstly, the ␤ 1 term ͑12͒ represents the dispersion which is degenerate along the (,0)Ϫ(0,) line, whereas the ␤ 2 term lifts out this degeneracy, placing the minima at the (Ϯ/2,Ϯ/2) ͑if ␤ 2 Ͼ0) or (Ϯ,0),(0,Ϯ) ͑if ␤ 2 Ͻ0) points. The difference ⌬ (0,)Ϫ(/2,/2) ϵ␤ 2 is proportional only to the ''first-order'' terms tЈ,tЉ ͑12͒ and does not depend on the second-order t N , t S terms. Secondly, one can see from Eq. ͑12͒ that in the case t N Ͼ0, t S Ͻ0 and sign(tЈ)ϭϪsign(tЉ) ␤ 1 and bandwidth W(ϭ␤ 1 or ␤ 1 Ϫ␤ 2 ) are mostly determined by a few (2t N Ϫt S ). The above qualitative calculation for the simple Ising background results in conclusions, which remain valid for the Néel case. The energy difference between the (/2,/2) and (,0) points, which is the crucial value for the various calculations, has different signs for the hole-and electron-doped systems and is not small for both cases. It means that if the single-particle picture is valid for the finite doping regime, the quasiparticle Fermi surface will be located ͑up to the high enough doping level͒ near the points (Ϯ/2,Ϯ/2) and (Ϯ,0),(0,Ϯ) for the hole-and electron-doped systems, respectively. Also, it can be shown from Eq. ͑12͒ that, at least for the upper limit of the tЈ,tЉ,t S ,t N hopping parameters ͑Table I͒, the bandwidths are large enough. Thus, one would expect decrease of the DOS compared to the pure t-J model one.
Finally, the role of the bare particle for the considered simple case is crucial, since the dressed part cannot propagate freely in the absence of the spin fluctuations. Therefore, the weight of the bare part in the trial wave function is the subject of the prime interest. As was noted n bare ϭ 2 Ӎ0.5, that is larger than in other works [37] [38] [39] 44 . This discrepancy is due to the transfer of the weight from the rest of the exact particle wave function ͑with the infinite number of strings͒ to the weight of the bare particle in the approximate ansatz ͑11͒. Thus, our main approximation lies not in the shortness of the ansatz, but in the overestimation of the bare particle weight. This problem can be overcome by the simple renormalization of 2 to 2 . Let us discuss now what changes of the above results can be expected for the Néel background. The main changes arise from the fact that due to the spin fluctuations the pure t-J model particle is given the possibility to propagate. Evidently, this will provide additions to ␤ 1 ,␤ 2 and the bandwidth W. Also, the ''dressed'' part will lead to some coherent transitions. Due to the more complex structure of the matrix elements of the Hamiltonian ͑1͒, ͑3͒ for the Néel background, the simple tight-binding relations between ␤ 1 ,␤ 2 , and W no longer hold.
The pure t-J dispersion law 14, 41 is
where ␤ 1 tϪJ Ӎϩ0.65͉t͉ and ␤ 2 tϪJ Ӎϩ0.01͉t͉. Due to the k dependence of the trial wave function components k , k and the nonzero matrix elements for the string components, the first-order contribution to the energy from the tЈ Hamiltonian ͑3͒ contains extra terms with the highest powers of
where the ␦␤ 1,k , ␦␤ 2,k , A k , and B k coefficients weakly depend on k through the ͉ k ͉ 2 and ͉ k ͉ 2 quantities ͑see Appendix B͒. As was discussed earlier, the highest-order corrections to the energy from Eq. ͑3͒ are of the order of t eff Ј /t , and for the realistic t/JӍ(2Ϫ3) and tЈ from Table I can be neglected (ϳ1/10). Since ͉ k ͉ 2 is almost constant, the renormalization to the ''normal'' ͉ ͉ 2 can be accomplished by the simple replacing Figure 2 demonstrates the characteristic ttЈ-J hole dispersion ͑solid line͒ for the average parameters from Table I , pure t-J model hole dispersion ͑dashed line͒, and pure tЈ-J dispersion tϵ0 ͑dotted line͒. This qualitative picture clearly demonstrates that due to the tЈ terms the sys-tem becomes less strongly correlated because of the liberating of the bare carrier. Figures 3 and 4 show dispersions along the same lines. Figure 3 describes the hole-doped system, and Fig. 4 the electron-doped one. Solid curves are related to the upper and lower limit for the tЈ,tЉ,t N ,t S parameters from Table I , the dotted satellites are related to the same parameters for the renormalized bare carrier weight ͑up to 0.35͒. The dashed lines demonstrate the pure t-J model dispersions.
Our calculations of the tЈ part ͑14͒ in the dispersion demonstrate that the bare particle contribution for the Néel case is very close to the results for the Ising background and that the dressed particle contribution plays a minor role (Ͻ0.2) compared to the bare one. Using the data from Table I Despite some changes in the inverse mass values ͑15͒, the features discussed earlier for the Ising case are still valid. Thus, the shifts of the band minima are rather large, the bandwidths are substantially wider as compared to those in the t-J model, and the role of the bare particle weight remains the most important. Fig. 2 for an electron. All notations as in Fig. 3 .
One of the unsolved problems of the t-J type models is whether the free-particle approximation works for the doped systems. 31, 38, 44 Therefore, the extension of the single-particle calculation onto the case of finite doping indeed requires justifications. Some of them can be found in Refs. 20, 31, and 38. We simply accept the free particle picture and have calculated the chemical potential as the function of concentration for the dispersion law ͑13͒, ͑14͒. From Figs. 1-4 it is clear that the ground state is (Ϯ/2,Ϯ/2) for the hole, and (0,Ϯ), (Ϯ,0) for the electron. Both minima are not shallow: ͉⌬ (0,)Ϫ(/2,/2) ͉ϳJ. At the same time, the bandwidths are larger than t-J ones (W tϪJ ϳ2J), and the accumulation of the DOS at low energy is smaller than for the t-J model case. This point may be of interest in view of intensive discussion of the possible Van Hove singularity at the optimal doping. 45 The above-mentioned two different tendencies to increase the minima shifts and to decrease the DOS require a quantitative consideration. Figures 5 and 6 show our results for the DOS versus energy E/J and versus concentration ␦, respectively. One can see that despite the DOS lowering, it remains rather large at low energies ͓since (3Ϫ8)JӶ8t͔, and the peaks in the DOS shift to higher concentrations (␦ max ϳ0.4Ϫ0.5), compared to the t-J case (␦ max ϳ0.1Ϫ0.2).
IV. CONCLUSIONS
To summarize, in this paper we have studied the microscopically derived extended type of the t-tЈ-J model. Previous investigations of the three-band model allowed us to establish the necessary next-neighbor terms for the lowenergy single-band model. In this work the efficient scheme, developed previously for the calculation of the t-J model parameters of the real CuO 2 systems, has been applied to the effective tЈ-terms calculation. This has enabled us to determine numerical ranges for all tЈ terms both for the electronand hole-doped systems.
We also have performed simple calculations of the singleparticle dispersion using the variational approach to the spinpolaron problem. Both types of doping have been considered within the above-mentioned realistic values of the t, t eff Ј parameters. The importance of all t eff Ј terms has been clearly demonstrated: the t N , t S terms of the second-order origin are responsible for the widening of the bandwidth, and the tЈ, tЉ terms arising from the O-O hopping bring about the shift of the groundstate minima. It has been found that the minima shifts are large enough (ϳJ) and have opposite signs for the hole and electron systems. Also, the bandwidths have been found to be 1.5Ϫ4.0 times larger than those in the pure t-J model.
An investigation of the finite doping regime for the simple free-particle approximation has been carried out. The Van Hove peak in the DOS has been found to decrease and move to a higher doping level from its t-J model position. 
